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Let ¢ € Fg, wy(c) = [{i € {1,...,n}|: ¢ # 0}
For example: wy((1,1,0,1,2)) = 4.



Relative generalized Hamming weight
g-ary Reed-Muller codes

Footprint bound

RGHW for g-ary Reed-Muller codes

Hamming weight
Generalized Hamming weight
Relative generalized Hamming weight

Generalized Hamming weight

Let D C Fg be a vector space.

supp(D) = {/ € {1,...,n}: there exists ¢ € D s.t. ¢; # 0}.
Let D = spang,{(1, 1,0,0,0), (0,1,0,0,1)}, then

supp(D) = {1,2,5}.
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Generalized Hamming weight

Let D C Fg be a vector space.

supp(D) = {/ € {1,...,n}: there exists ¢ € D s.t. ¢; # 0}.
Let D = spang,{(1, 1,0,0,0), (0,1,0,0,1)}, then

supp(D) = {1,2,5}.

Let C be a linear code over F. For t =1,...,dim(C), the t-th
generalized Hamming weight of C is

d:(C) = min{|supp(D)| : D subspace of C with dim(D) = t}.

C
O, £
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Relative generalized hamming weight

Let (o € (i be linear codes over FZ. For
m=1,...,dim(G) — dim((,), the m-th relative generalized
Hamming weight of C; with respect to G is

Mpm(Ci, G) = min{|supp(D)| : D subspace of Cj,
Co N D = {0},dim(D) = m}.

G

®
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g-ary Reed-Muller codes

Definition

Let u be a non-negative integer, and s a positive integer. Write
{P1,...,Pn=gs} = (Fq)°. The g-ary reed-Muller code of order u in
s variables is defined by

RMq(u,s) = {(f(P1),...,f(Pn)) : f € Fg[X1,...,Xd],

deg(f) < u,degx.(f) < q for all i}.
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Footprint

Definition

Let J CFy[Xq,...,Xs] be an ideal and < be a fixed monomial
ordering. Denote by M(Xi,...,Xs) the monomials in the variables
Xi,...,Xs. The footprint of J with respect to < is the set

AL())={M e M(Xi,...,Xs) | M is not the leading monomial

of any polynomial in J}.
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Lemma

Let Fy,...,Fn € Fg[X1,...,Xs]. The number of common zeros of
Fi,...,FmoverFqis |[AL((F1,..., Fs, X{ — X1,..., Xah — Xm))|
(here < is any monomial ordering).
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1 X X X

A (<XY3,X5, Y5>) | =17 |ag (<XY3,X3Y,X5, Y5>) | =13
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Partial order

The partial order <p on the monomials is defined by:
Xi<pXP = a2 < b forallic{1,...,s}.
The upward shadow of X7 is
VX3 = (X | XPpX?, degy(XP) < q.

Let A be a set of monomials, we define VA = (Jysca VX3,
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vV T Ve y* T v?
Y2 | v2  xy?  x2y?  x3y2 x4y v2 | v2 Xy
y | v xy x2v x3%v X%y Y | Y XY
1|1 x X2 X3 x4 1|1 X X2
I X X2 X3 x* 1 X X2
vxy3 vi{xY3, x3v}
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Corollary

Let D be a subspace of (Fq)" of dimension m generated by the
evaluation of the polynomials F1, ..., F,. W.lLo.g. we assume
Im(F;) = X° for any t and 3; # &; for t # j. We have that:

|[supp(D)| > ’V{Xgl, ... ,Xz'"}‘ .
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F(X,Y)=XY3+ X+ Y, (X, Y)=X3Y +3X>
Dy = spang {¢(F1)}, D2 = spang, {¢(F1), o(F2)}

y* T v? vz

y2 | v2  xy?2 x2y2  x3y?2 Xty y?2

Yy | Y xy¥ x%v X% Xty y

1 1 X X2 X3 x4 1
1 X X7 x3 X%

lsupp(D1)| > [VxY3| =8

|supp(D2)| > V{XY3,X3Y}| —12
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Footprint bound is sometime sharp

For any choice of distinct f, ..., I, there exists some subspaces D

for which this bound is sharp.

Proposition

Let1< h < h<...<l,<n be integers. Then

min{|supp(D)| | D = spanFq{go(Fl), ooy o(Fm)} with

Im(F;) = X% fori=1,...,m} = ‘V{X“?ﬁ,...,x“?’m}‘.
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

YAl y4 Xxy*

y3 XY3 X2y3

y?2 X2y2 Xx2y?

Y X3y X3y

1 X4
1 X X2 X3 x4

Mm(RMg(u1,s), RMg(uz, s)) = min{|supp(D)| : D subspace of
RMy,(u1,s), RMy(u2,) N RMg(u1,s) = {0},dim(D) = m}
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N

Ordering

YA Y* XY?
y3 XY3 X2y3
Y2 X2y? X2y?2
X3y X3y
1 X4
1 X X2 X3 X4

Mm(RMg(u1,s), RMg(u2,s)) = min{|supp(D)| : D subspace of
RMq(u1, s), RMy(u2,s) N RMy(uy,s) = {0}, dim(D) = m}

=min{|VA|: AC F(up + 1, 1), |A| = m}
El

where F(up +1,u1) ={X?:up+1< deg(X‘?’) < u}
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YR e [ e ]
y3 xy3 X%y y3 Xy3 X%y
Y2 X2 Y2 X2 Y2 Y2 X2 Y2 X2 Y2
Y x¥y X3y Y X3y  x3y
1 x4 1 x4
1 X X2 x3 x* 1 X X7 x3 x*
YET vt xy*? YET Y5 xv*?
& NG y3 Xy x2y3
y? X2y? X%y y? X2y?  x2%y?
Y x3y  x3y Y x3y
1 x4 1 X
1 X X2 x3 x* 1 X X2 x3 x*










Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

YA Y*t Xyt X2yt X3yt X4y* Y*|5 4 3 2 1
Y3 yd Xy3 x2y3 x3y3 Xx4ys Y310 9 8 7 6
Y2 | Y2 Xy? X2y?2 X3y?2 X4y? Y2|15 14 13 12 11

1 1 X X? X3 X4 1 125 24 23 22 21
1 X X? X3 X* 1 X X2 x3 Xt
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

RMs(5, 2)

Y5 4 3 2 1 YAl 2 1
Y310 9 8 7 6 Y3|5 4 3

Y215 14 13 12 11 Y29 8 7 6

Y |20 19 18 17 16 Y [14 13 12 11 10

1|25 24 23 22 21 1 /19 18 17 16 15
1 X X? X* Xt 1 X X x3 Xt
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F(0,8), F(0,5), F(4,5)

Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW
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Y*T5 4 3 2 1 Yi[ 2 1
Y310 9 8 7 6 Y3|s 4 3
Y215 14 13 12 11 Y2| 9 8 7 6
Y |20 19 18 17 16 Y [14 13 12 11 10
1125 24 23 22 21 1 (19 18 17 16 15
1 X X2 X3 Xt I X X2 X3 X*
Y42 1
ys3 4
Y2 5
Y 8 7
1 9
1 X X? x3 Xx*




F(0,8), F(0,5), F(4,5)

Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW
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Y¥[5 4 3 2 1 Y¥T 2 1
Y3|10 9 8 7 6 y3|s 4 3
Y2|15 14 13 12 11 Y29 8 7 6
Y [20 19 18 17 16 Y [14 13 12 11 10
1|25 24 23 22 21 119 18 17 16 15
1 X X2 X3 X* 1 X X2 X3 X*
Y42 1
Y3 4 3
Y2 6 5
Y 8 7
1 9
1 X X° x3 x4
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Y45 4 3 2 1 Y] 2 1
Y310 9 8 7 6 Y3|s 4 3
Y2|15 14 13 12 11 Y29 8 7 6
Y |20 19 18 17 16 Y |14 13 12 11 10
125 24 23 22 21 1119 18 17 16 15
1 X X2 X3 Xt 1 X X2 X3 X*
Y42 1
ys3 4 3
2
3;/ 0 Z 7 M (G, G)=4—-1+1=4
1 9
1 X X2 x3 Xx*
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Y45 4 3 2 1 Y] 2 1
Y310 9 8 7 6 Y3|s 4 3
Y2|15 14 13 12 11 Y29 8 7 6
Y |20 19 18 17 16 Y |14 13 12 11 10
125 24 23 22 21 1119 18 17 16 15
1 X X2 X3 Xt 1 X X2 X3 X*
Y42 1
ys3 4 3
2
3;/ 0 Z 7 My(Ci, &) =5—-2+4+2=5
1 9
1 X X2 x3 Xx*
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Y45 4 3 2 1 Y]l 2 1
Y3|10 9.8 7 6 Y3|s 4 3
Y2|15 14 13 12 11 Y29 8 7 6
Y |20 19 18 17 16 Y |14 13 12 11 10
125 24 23 22 21 1119 18 17 16 15
1 X X2 X3 Xt 1 X X2 X3 X*
Y42 1
ys3 4 3
2
3;/ 0 Z 7 M3(Ci, ) =8—-3+3=38
1 9
1 X X2 X3 Xx*
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Fourth RGHW

Y45 4 3 2 1 Y4l 2 1
Y3|10/9 8 7 6 Y3| 5 4 3
Y2115 14 13 12 11 Y2 |9 8 7 6
Y |20 19 18 17 16 Y [14 13 12 11 10
1 25 24 23 22 21 1 19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
2
’;, 0 o | M(G.G)=9-ati=0
1 9
1 X X2 X3 Xx*
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Fifth RGHW

Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW
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Y45 4 3 2 1 Y4l 2 1
Y310 9 8 7 6 Y3| 5 4 3
Y2 |15 14 13 [12 11 Y29 8 7 6
Y |20 19 18 17 16 Y [14 13 12 11 10
125 24 23 22 21 1 |19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
2
\;, 0 Z ; Ms(Cy, G) =12 —6+5=11
1 9
1 X X2 X3 Xx*
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Sixth RGHW

Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW
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Y45 4 3 2 1 Y4l 2 1
Y310 9 8 7 6 Y3| 5 4 3
Y2115 14 13 12 11 Y2 |9 8 7 6
Y |20 19 18 17 16 Y [14 13 12 11 10
1 25 24 23 22 21 1 19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
2
\;, 0 o | MGG =137 46=12
1 9
1 X X2 X3 Xx*
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Seventh RGHW

Y45 4 3 2 1 Y4l 2 1
Y310 9 8 7 6 Y3| 5 4 3
Y2 |15 14 13 12 11 Y29 8 7 6
Y |20 19 18 17 16 Y [14 13 12 11 10
125 24 23 22 21 1 |19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
y? 6 5
y 8 7 M:(Ci,G)=16—10+7=13
1 9
1 X X2 X3 Xx*
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Eigth RGHW

Y45 4 3 2 1 Y4l 2 1
Y310 9 8 7 6 Y3| 5 4 3
Y215 14 13 12 11 Y29 8 7 6
Y [20 19 18 (17 16 Y |14 13 12 11 10
1125 24 23 22 21 1 |19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
y? 6 5
y 8 7 Mg(C, &) =17—11+8=14
1 9
1 X X2 X3 Xx*
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Ninth RGHW

Y45 4 3 2 1 Y4l 2 1
Y310 9 8 7 6 Y3| 5 4 3
Y215 14 13 12 11 Y29 8 7 6
Y [20 19 18 17 16 Y |14 13 12 11 10
1125 24 23 22 21 1 (19 18 17 16 15
1 X X? X3 X* 1 X X2 X3 X*
Y42 1
ys3 4 3
y? 6 5
y 8 7 My(Cr, o) =21—-15+9=15
1 9
1 X X2 X3 Xx*
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RGHWs of g-ary Reed-Muller codes

Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

F(a,b):{(al,...,as)E{O,...,q—l}s:aSZaigb}
i=1

Theorem

Let Co = RMg(u2,s) € G = RMg(u1,s). Let @ be the m-th
element in F(up + 1, u1) using the anti lexicographic order.
Because F(u»+1,u1) € F(0,u1) € F(0,s(qg — 1)), then there exist
r and t such that 3 is the r-th element in F(0, u1) and the t-th
element in F(0,s(q — 1)) using the anti lexicographic order. Then

Mm(Cl, C2) =t—r+m.
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

Theorem

Let C; = RMy(u1,s). Let @ be the r-th element in F(0, uy) using
the anti lexicographic order. Because F(0,u;1) C F(0,s(q — 1)),
then there exist t such that 3 is the t-th element in F(0,s(q — 1))
using the anti lexicographic order. Then

dr(Cl) =t.
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

Comparison between GHW and RGHW

Let G; = RMs5(5,2) and C; = RMs5(3,2) then we have:

r/m 4 (G)  Mn(G, &)
1 4 2
2 5 5
3 8 8
4 9 9
5 10 11
6 12 12
7 13 13
8 14 14
9 15 15

10 16
11 17
12 18
13 19
14 20
15 21
16 22
17 23
18 24
19 25
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

Comparison between GHW and RGHW

Let C1 = RM5(4,2) and C; = RMs5(3,2) then we have:

r/m d(G1)  Mm(G, &)
1 5 5
2 9 9
3 10 12
4 13 14
5 14 15
6 15
7 17
8 18
9 19
10 20
11 21
12 22
13 23
14 24
15 25
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Ordering
Computation of RGHW and GHW
Comparison between GHW and RGHW

Thank you for your attention!
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